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Table 1. Y2 and Y3 as functions o f  xs 

xs Yz Y3 xs Y2 Y~, 
0 1 0 3 0.2938 0-0806 
0.05 0.9521 0-0079 4 0.2526 0.0794 
0.1 0.9086 0-0150 5 0.2246 0.0776 
0.2 0.8323 0.0269 6 0.2040 0.0758 
0.3 0.7680 0-0366 7 0.1882 0.0740 
0.4 0.7133 0.0445 8 0.1755 0.0723 
0.5 0.6664 0-0509 9 0.1650 0.0707 
0-6 0.6258 0.0561 10 0.1562 0.0692 
0.7 0.5906 0.0604 20 0.1091 0.0588 
0.8 0.5598 0.0640 30 0.0887 0.0526 
0.9 0.5325 0.0670 40 0.0766 0.0484 
1 0.5084 0-0694 50 0.0684 0.0452 
2 0.3628 0.0797 

These expressions can also be written as 
2x~ 

1 P 

I e-"lo(U) du 
oo 

Yo = Y - 2x~ 
0 

1 I Yl --~Xs du e-°lo(v) dv. 

0 0 

From Append ix  B and the identity,  

12(x) = Io(X)- -2  I x ,(x),  

Yo = yO~ = e_EX [io(2Xs) + I,(2x~)] 

4 1 
Y, = ~ Y O - ~ x  ~ e-ZX'l,(2x~). 

(C.6) 

(C.7) 

Finally,  let the qFq general ized hypergeometr ic  series 
be 

pFq(a,, . . . ,  ap; b, , .  . . ,  bq; z) 
or" = ( a , ) . .  . .. =_=(a,,). z" 

(C.8)  
,,=, (b,),, .(bq),, n! 

with ( a ) ,  = F(a + n ) /F(a ) .  
Then,  it fol!ows that  

y2 = 1 +2F2[½, 3; l, 3; -4xs]  (C.9) 

Y3 6{1  3 3 .  = + 2F2 [~, ~, 2, 4; -4xs]}. 

Y2 and Y3 are given as funct ions  of  xs in Table 1. 
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Abstract 

Appl ica t ion  of  the Rayleigh cri terion for the limit of  
resolut ion of  a s imple lens with axial  i l lumina t ion  
leads to the value 0.61A. In two-d imens iona l  electron 
densi ty maps  based on X-ray data,  the limit o f  
resolut ion has been considered to be 0.61 drain, the 
counterpar t  of  the optical  case, and  in three- 
dimer~sional maps 0.715 dmi,. It is shown here that  
point  atoms separated by these distances are not  
resolved in two- and  three-d imens ional  electron 
densi ty maps.  Such maps are ampl i tude  funct ions  
rather  than  intensi ty funct ions as in the optical  case. 

0108-7673/84/030251-04501.50 

Appl ica t ion  of  the Rayleigh cri terion to the three- 
d imens iona l  ampl i tude  funct ion  for po in t  a toms leads 
to a value of  0.917 dmi, for  the limit o f  resolut ion in 
three-d imens iona l  electron density maps.  This result 
is conf i rmed by superposing both  analyt ic  and  
numer ic  funct ions  for po in t  atoms and numer ic  func- 
t ions for real atoms with B = 0 and 10/~2. Finally,  
some impl ica t ions  of  diffraction effects in X-ray struc- 
ture analysis  are considered.  

In refining models  for  the met  and  az idomet  forms 
of  hemerythr in ,  we were par t icular ly  interested in the 
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bond lengths and angles in the binuclear iron com- 
plexes present in these proteins (Stenkamp, Sieker & 
Jensen, 1982, 1983). The structures are relatively large 
(Stenkamp & Jensen, 1979), and we were concerned 
about the accuracy of the atomic parameters in the 
complexes because the Fe -X  bond lengths are near 
the 2/~ minimum interplanar distances (dmin) of the 
present data sets. In considering the possible effects 
of diffraction ripples from the Fe atoms on the posi- 
tions of the ligand atoms, we restudied the matter of 
resolution in electron density maps and were led to 
an unexpected result. 

The optical case 

It has long been known that the limit of detail that 
can be resolved by an optical system is ultimately 
determined by the wavelength of the radiation 
(Sommerfeld, 1954). Application of the Rayleigh 
criterion (Sommerfeld, 1954; Strong, 1958) for reso- 
lution in the theory of diffraction-limited image for- 
mation leads to the equation 

limit = 0.61A (1) 

for the minimum separation of structures that can be 
imaged separately by a circular lens with a numerical 
aperture of unity and axial illumination (Sommerfeld, 
1954). 

The pattern of diffraction rings surrounding the 
image of a very small circular aperture is well known 
(Strong, 1958). A trace through the center of such an 
image is shown in Fig. l(a). For the maxima in the 
image of two such apertures to be resolved, the 
Rayleigh criterion holds that the maximum of one 
be superposed on the first minimum of the other. 
Fig. l(b) shows a trace through two images separated 
according to the Rayleigh criterion. The distance 
of the first minimum from the central maximum is 
the nominal limit of resolution expressed by (1) 
(Sommerfeld, 1954; Strong, 1958). 
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Fig. 1. (a) Optical diffraction from a very small circular aperture. 
(b) Optical diffraction from two very small circular apertures 
separated according to the Rayleigh criterion (0.6iX). 

The X-ray case 

James (1948, 1965) has treated resolution in terms 
of false detail in Fourier maps based on X-ray data. 
He assumes scattering from point atoms at rest in 
one-, two- and three-dimensional lattices. 

In the two-dimensional case, the counterpart of 
image formation by a lens, James derived a general 
equation (equation 12, James, 1948) expressing the 
electron density p as a function of dmin of the data, 
F(0), the constant value of the structure factors, and 
r, the radial distance from the atomic center. To 
illustrate diffraction ripples and resolution for a par- 
ticular case, we choose dmi, = 2/~. For this case, the 
general equation reduces to the following: 

P(r)Eo = (1 / 2) F(0)Jm (Trr)/7rr, (2) 

where J~ is the first-order Bessel function. We plot 
p ( r ) 2  o t ) s  r as curve II in Fig. 2, normalized to unity 
at r =  0. In contrast to the optical case in Fig. l(a) 
where intensities are plotted and the function is no- 
where negative, curve II is alternatively positive and 
negative because it represents an amplitude function. 
Although curve II is for the special case of data with 
dmin = 2/~, the phenomenon displayed is general, and 
the same pattern of ripples, except for the horizontal 
scale, occurs for any finite dmin. 

In considering detail that can be resolved in two- 
dimensional electron density maps, James (1965) took 
the radius of the central maximum, i.e. the value of 
r at the first zero of the function represented by curve 

[ I I I I 
0 1.0 2.0 3.0 4.0 

r(A) 
Fig. 2. Relative electron density, p(r), for point atoms as a function 

of r for X-ray data with dmin =2 A. II, the two-dimensional 
function: [[ | ,  the three-dimensional function. 
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II, as the limit of  resolution. Fron (2), this occurs at 
r =  1.22/~ for data with dmin=2 A ,  or, in terms of  
d m i n ,  

l imit  = 0.61 dmin. (3) 

Equation (3) for the two-dimensional X-ray case cor- 
responds to (1) for the optical case. The similarity 
follows from the fact that the first zero of the ampli- 
tude function in terms of  drain is the same as the first 
min imum of  the intensity function in terms of  A. 

We now ask whether point atoms separated by 
1.22 /~  in projection can be resolved in an electron 
density map based on data with dmin = 2/~,. Fig. 3 
shows the result o f  superposing two p(r)2 D functions 
separated by 1.22/~. Clearly, the maxima of  the two 
functions are not resolved in the sum: they merge 
and appear as a single peak. 

In the three-dimensional X-ray case, James derived 
a general equation (equation 7, James, 1948) which 
reduces to the following for data with dmi, = 2/~: 

p(r)3D=(Tr/2)F(O)[(sin 7rr--Trr cOS "ar)/71"3/'3], (4) 

the symbols carrying the same meaning as before. 
The function normalized to unity at r = 0 is plotted 
as curve III in Fig. 2. The radius of  the central 
maximum of  the function, again based on data with 
dmi n - "  2 / ~ ,  is 1 .43/~ ,  or, in terms o f  dmin, 

r = 0.715 dmin (5) 

(James, 1948). Al though James does not state that (5) 
represents the limit of  resolution for three- 
dimensional X-ray data, it is, nevertheless, the 
counterpart of  (3) for the two-dimensional case and 
is generally regarded as expressing the limit of  
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Fig. 3. Composite p(r)2 D ( ) for two point atoms separated by 
1.22 A = 0.61 dml, for X-ray data with dml, = 2/~. 

resolution that can be achieved in three-dimensional 
electron density maps (Blundell & Johnson, 1976). 

We have tested for resolution according to (5) by 
superposing two functions represented by curve III, 
separated by a distance of 1.43/~ =0.715 dmi., Fig. 
4(a). The result is similar to the two-dimensional case: 
the peaks are not resolved in the sum; only a single 
maximum results. 

In seeking an alternative to (5), we have applied 
the Rayleigh criterion to the three-dimensional ampli- 
tude function, taking the value of r at the first 
minimum of the function as the nominal limit of 
resolution. Since the first minimum of curve III based 
on data with dmi ,=2/~  occurs at 1.834/~, the pro- 
posed limit of resolution in terms of dmi, becomes 

limit = 0-917 drain. (6) 

Fig. 4(b) shows the result o f  testing for resolution 
according to (6). The atoms are obviously  resolved,  
the value midway between the maxima being 0.834 
of its value at the peak positions. 

We have checked the results shown in Figs. 4(a), 
(b) by a numerical calculation, assuming two point 
nitrogen atoms separated by distances of  1.43 and 
1.83 A in primitive triclinic lattices, calculating the 
structure factors and truncating the data sets at dmi, = 
2/~.  Plots of  p(r)3 D on the lines joining the two pairs 
of  atoms are shown in Figs. 5(a), (b). Point atoms 
separated by 1 .43 /~  are not resolved but, when  they 
are separated by 1 .83/~ ,  resolution is clearly 
achieved. The plots in Figs. 5(a), (b) based on calcu- 
lated structure factors are, when properly scaled, vir- 
tually identical  to the sum functions in Figs. 4(a),  (b) 
based on James's (1948) equation. 
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Fig. 4. (a) Composite p(r)3 D ( ) for two point atoms separated 
by 1-43 A =0.715 dmi . for X-ray data with dmi. = 2 A. (b) Com- 
posite p(r)3 D ( ) for two point atoms se by 1-834 A = 
0.917 dmi n for X-ray data with dmi n = 2 A parated. 
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Some  implications 

In practice we do not expect to achieve the 
resolution in electron density maps  indicated by (6), 
because atoms are not point  scatterers. To determine 
the effects of  atomic size and thermal  mot ion on 
resolution, we repeat the numerical  calculat ions of  
the preceding paragraph,  first for nitrogen atoms at 
rest, Fig. 6(a) (scattering factors from Internat ional  
Tables f o r  X - ray  Crystallography, 1962), and  then for 
ni trogen atoms with isotropic B values corresponding 
to l0/~2, Fig. 6(b). The atoms are resolved in both 
instances,  a l though less well resolved as the spread 
in electron density increases and the peak height 
decreases. 
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Fig. 5. (a) Numerical calculation of composite p(r)a D for two point 
N atoms separated by 1.43/~ = 0.715 dmi n for X-ray data trun- 
cated at d~i.=2 A. (b) Numerical calculation of composite 
p(r)3 D for two point N atoms separated by 1.834/~ = 0.917 drain 
for X-ray data truncated at dmi, = 2 ,~,. 
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Fig. 6. (a) Numerical calculation of composite p(r)3 D for two N 
atoms, typical form factors and B = 0 A2, separated by 1.834 A, = 
0.917 dmi n for X-ray data truncated at dmi n = 2 A,. (b) Numerical 
calculation of composite p(r)3 D for two N atoms, typical form 
factors and B= 10A 2, separated by 1-834/~=0.917 dmi . for 
X-ray data truncated at dm~n = 2 A,. 

The effect of  atomic size on resolution is evident 
by compar ing  Fig. 5(b) for point  ni trogen atoms with 
Fig. 6(a) for nitrogen atoms at rest. The addi t ional  
effect of  thermal  motion corresponding to B = 10 ,A, 
is seen by compar ing  Figs. 6(a) and (b). Clearly,  
resolution is impai red  at higher  B values, and at some 
B ~  10J~k 2 nitrogen atoms separated by 1.83 A will 
not be resolved by data l imited at drain = 2 A,. 

The numer ic  results plotted in Figs. 6(a), (b) are 
based on perfect data and represent the best that can 
be achieved in resolution under  the assumed condi- 
tions. In electron density maps  based on exper imental  
data, errors in the observed ampli tudes  and derived 
phases will impai r  the resolution. Therefore,  the prac- 
tice common  among macromolecular  crystallogra- 
phers of  quoting the limit of  resolution as drain is fully 
justified. 

The diffraction ripples in electron density maps  
represent  terminat ion of  series error result ing from 
the finite series used in calculating p(x,  y, z). Not only 
do these r ipples l imit  resolution, as we have seen, but  
they also affect the posit ions of  the atoms in electron 
density maps.  Al though such maps are no longer of  
central impor tance  in refining molecular  models  
based on X-ray data, other refinement techniques  
such as least squares may  share the effects in subtle, 
less obvious ways (Cochran,  1948; Cruickshank,  
1952; see also Booth, 1946; Cochran,  1951). 
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